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Vector Identity 1

a · (b× c) = b · (c× a) = c · (a× b)

Proof

Let A = a, B = b, and C = c.

A · (B×C) =

(
3∑

i=1

δiAi

)
·

 3∑
j=1

δjBj

×

(
3∑

k=1

δkCk

)
=

(
3∑

i=1

δiAi

)
·

 3∑
j=1

3∑
k=1

(δj × δk)BjCk


=

(
3∑

i=1

δiAi

)
·

 3∑
j=1

3∑
k=1

3∑
l=1

δlεljkBjCk


=

3∑
i=1

3∑
j=1

3∑
k=1

3∑
l=1

(δi · δl)εljkAiBjCk

=
3∑

i=1

3∑
j=1

3∑
k=1

3∑
l=1

δilεljkAiBjCk

=

3∑
i=1

3∑
j=1

3∑
k=1

εijkAiBjCk

=
3∑

i=1

3∑
j=1

3∑
k=1

εkijAiBjCk (1)

=

3∑
i=1

3∑
j=1

3∑
k=1

3∑
l=1

δklεlijAiBjCk

=

3∑
i=1

3∑
j=1

3∑
k=1

3∑
l=1

(δk · δl)εlijAiBjCk

=

(
3∑

k=1

δkCk

)
·

 3∑
i=1

3∑
j=1

3∑
l=1

δlεlijAiBj


=

(
3∑

k=1

δkCk

)
·

 3∑
i=1

3∑
j=1

(δi × δj)AiBj


=

(
3∑

k=1

δkCk

)
·

( 3∑
i=1

δiAi

)
×

 3∑
j=1

δjBj


= C · (A×B)
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To get the last identity, return to equation (1).

A · (B×C) =
3∑

i=1

3∑
j=1

3∑
k=1

εkijAiBjCk (1)

=
3∑

i=1

3∑
j=1

3∑
k=1

εjkiAiBjCk

=
3∑

i=1

3∑
j=1

3∑
k=1

3∑
l=1

δjlεlkiAiBjCk

=
3∑

i=1

3∑
j=1

3∑
k=1

3∑
l=1

(δj · δl)εlkiAiBjCk

=

 3∑
j=1

δjBj

 ·
(

3∑
i=1

3∑
k=1

3∑
l=1

δlεlkiAiCk

)

=

 3∑
j=1

δjBj

 ·
[

3∑
i=1

3∑
k=1

(δk × δi)AiCk

]

=

 3∑
j=1

δjBj

 ·
[(

3∑
k=1

δkCk

)
×

(
3∑

i=1

δiAi

)]
= B · (C×A)

Therefore,
A · (B×C) = B · (C×A) = C · (A×B).
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